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Abstract. Combining a modification of the recent counterexam-
ple to the quasitrace conjecture with model-theoretic reductions
due to the first author, we exhibit a counterexample to the mono-
tone completeness conjecture. We fully reproduce the disproof of
the quasitrace conjecture by a modified construction and argu-
ments.

1. Introduction

The two major open problems in the theory of AW∗-algebras were
the Kaplansky conjecture and the monotone completeness conjecture.
Recently, an AI system from OpenAI claimed to produce a counterex-
ample to the former in an unpublished manuscript (September 2026)
which we henceforth refer to as "the quasitrace manuscript". We give
a modification of that construction which gives uniform failure of tra-
ciality. Using this and model theoretic results of the first author, we
produce a counterexample to the monotone completeness conjecture.
Our construction does not appear suited to properly infinite AW∗-
algebras, so that case of the monotone completeness conjecture remains
open. Christensen and Pedersen show that all properly infinite AW∗-
algebras are monotone sequentially complete. Our negative resolution
here stands in an interesting contrast with our recent positive resolution
of the weaker normality conjecture [2].

Note that failure of monotone completeness does not immediately fol-
low from the abstract failure of the quasitrace conjecture, so there is
genuine work to do. The bulk of our work lies in the following theo-
rem asserting the existence of a finite AW∗-factor admitting a certain
configuration of elements. Namely,
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Theorem. There is a finite AW∗-factor M with canonical normalized
quasitrace τ and elements y1, y2, y3 ∈ M such that

3∑︂
i=1

y∗i yi = 1,
3∑︂

i=1

yiy
∗
i ≤ 1

2
1.

This configuration is the new ingredient. It yields positive contractions
a ≤ b satisfying

τ(a) = τ(b) =
1

2
, τ(b− a) =

1

2
.

Equal quasitrace and order force a and b to have the same scalar spec-
tral distribution. They are therefore approximately unitarily conjugate,
and become exactly conjugate in a quasitracial ultrapower. Iterating
the conjugating unitary gives an increasing orbit with a fixed quasitra-
cial gap.
Theorem. There is a type II1 AW∗-factor which is not monotone
sequentially complete. Moreover, there is such a factor which is dτ -
separable.

Thus the monotone-completeness conjecture fails. The construction
also answers Kaplansky’s question before the ultraproduct is taken.
That is, our construction builds finitely generated unital C∗-algebras
each with a normalized 2-quasitrace which is not a trace, and therefore
type II1 AW∗-factors which are not von Neumann algebras (Proposi-
tion 5.5).

These are Theorems A and B respectively. Section 2 gives the model
theoretic reduction from our configuration in the former to failure of
monotone completeness as summarized above.

The construction involved in Theorem A has to balance three com-
peting requirements, explained below, and takes up Sections 3, 4, 5,
and 6. The algebra in Theorem A is a quasitracial ultraproduct of
a family of AW∗-factors obtained from finitely generated algebras BN ,
which in turn come from concrete algebras of operators on Hilbert bun-
dles coming from finite-rank complex bundles over products of complex
projective spaces.

The BNs are arranged to satisfy∑︂
k

s∗ksk = 1,
∑︂
k

sks
∗
k ≤ γN1,

with γN → 1/2 as N → ∞. We arrange this via compression and
normalization arguments that produce families of bundle maps whose
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ranges collectively expand every fiber subspace by a factor approaching
two, and then normalize these maps to obtain the desired operator rela-
tions. The difficulty is to achieve these relations while ensuring that the
BN admit quasitraces. For this, the bundles are chosen to have nonvan-
ishing Chern classes which obstruct the existence of certain large trivial
subbundles. These obstructions prevent the compression relations from
being upgraded to witnesses of proper infiniteness. Section 3 develops
the required general results on bundle maps and Section 4 combines
them with the topological obstructions to construct the finite bundle
systems.

In Section 5, we assemble these finite systems into the algebras BN .
The construction incorporates tests for every matrix size and every
possible bound on the word length of a polynomial in the generators.
Since the generators have propagation at most one between successive
bundle levels, any hypothetical witness of proper infiniteness would
yield a forbidden trivial subbundle in one of these tests. Thus no
matrix algebra over BN is properly infinite, and the Cuntz–Blackadar–
Handelman theorem gives a normalized quasitrace. Taking an extremal
quasitrace and its Haagerup completion then produces a finite AW∗-
factor.

The final difficulty is that the preceding construction requires more
than the three operators appearing in the theorem. To deal with this,
the bundle maps are divided into three maps taking values in summands
inherited from the preceding level and eight auxiliary maps taking val-
ues in newly introduced summands. The auxiliary maps are needed
to obtain the required expansion, but the construction arranges that
their ranges lie in a projection of quasitrace 1/N , even though the
corresponding vector bundles have large ranks. Consequently, the aux-
iliary maps tend to zero in the quasitracial metric. Section 6 takes the
quasitracial ultraproduct as N → ∞, in which these maps vanish and
the remaining three operators satisfy the exact relations of Theorem A.

Further consequences are established in Section 7. By the Haagerup
characterization [13, Theorem 3.1], a unital C∗-algebra containing
x1, . . . , xn with

n∑︂
j=1

x∗
jxj = 1,

⃦⃦⃦ n∑︂
j=1

xjx
∗
j

⃦⃦⃦
< 1

has no tracial state. Milhøj and Rørdam proposed looking for a coun-
terexample to Kaplansky’s question as an ultraproduct of algebras in
which proper infiniteness of matrix algebras appears only at larger and
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larger sizes, while the number of elements needed for relations of this
form stays bounded [13, Remark 4.7]. The algebras BN below realize
this mechanism with no properly infinite matrix algebra at all, so our
modified counterexample to the quasitrace conjecture needs no ultra-
product; see Remark 5.6.

Model theory enters our argument at three points, all through [1]. First,
the eight fresh operators in MN are small in the metric dτ , so they van-
ish in the quasitracial ultraproduct. Second, countable saturation of
quasitracial ultrapowers turns approximate unitary conjugacy into ex-
act conjugacy and shows that the resulting increasing sequence has no
supremum. Third, separable reflection [1, Proposition 5.1 and Theo-
rem 4.12] passes from the nonseparable ultrapower to a dτ -separable
counterexample. The first is dispensable and could be done operator-
algebraically. The second and third seem to be essential.

AI disclosure. The idea for the proof was developed by the authors.
It was then completed with a preliminary write-up given by GPT 6
Astra. The arguments were significantly reworked and fixed by the
authors. The authors wrote the paper and are responsible for its con-
tents. The bundle construction here adapts a construction from an
unpublished manuscript produced by an AI system from OpenAI. Ev-
ery step used here is proved in the present paper or taken from the
works listed below.

2. Model Theoretic Reductions

Throughout this section M is a finite AW∗-factor with canonical nor-
malized quasitrace τ . We use the following facts; see [12, 3, 10, 1] (see
also [1, Fact 2.5]).

Fact 2.1. The quasitrace τ is order preserving and linear on abelian
C∗-subalgebras of M , and

τ(x∗x) = τ(xx∗) (x ∈ M).

Fact 2.2. Proj(M) is a complete lattice, and Kaplansky’s parallelogram
law

p− p ∧ q ∼ p ∨ q − q

holds for p, q ∈ Proj(M). On Proj(M), τ is the normalized dimension
function of M : it is faithful and additive on orthogonal projections, and
p ∼ q if and only if τ(p) = τ(q).
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Fact 2.3. Every maximal abelian self-adjoint subalgebra C of M is an
AW∗-subalgebra, so C ∼= C(Ω) with Ω extremally disconnected. The
restriction of τ to C is a normal state.

We now begin to show the that the configuration of Theorem A yields
failure of monotone completeness. The next lemma shows that such a
configuration is seen by the quasitrace.

Lemma 2.4. Suppose that M contains y1, y2, y3 such that
3∑︂

i=1

y∗i yi = 1,
3∑︂

i=1

yiy
∗
i ≤ 1

2
1.

Set
a = 1− 2y∗1y1, b = 2y∗3y3.

Then a, b are positive contractions and

a ≤ b, τ(a) = τ(b) =
1

2
, τ(b− a) =

1

2
.

Proof. Put

ui = y∗i yi, vi = yiy
∗
i , αi = τ(ui) = τ(vi).

For i ̸= j we have

vj ≤
1

2
1− vi.

The right-hand side belongs to C∗(1, vi), so order preservation and
linearity on this abelian algebra give

αj ≤
1

2
− αi.

Thus
αi + αj ≤

1

2
.

Also vi ≤ 1
2
1, hence ∥ui∥ = ∥vi∥ ≤ 1/2. Set

Ai = 1− 2ui.

Then Ai ≥ 0 and, because
∑︁

i ui = 1,

A1 + A2 + A3 = 1.

The inequality Aj ≤ 1− Ai and linearity on C∗(1, Ai) give

τ(Aj) ≤ 1− τ(Ai),

that is,

αi + αj ≥
1

2
.
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Hence every pair sum is 1/2, and therefore

α1 = α2 = α3 =
1

4
.

It follows that τ(Ai) = 1/2 for every i. Finally,

a = A1, b = A1 + A2 = 1− A3, b− a = A2,

which proves the assertions. □

We next record the order-theoretic consequence.

Let 0 ≤ a ≤ 1 in M , and fix a maximal abelian self-adjoint subalgebra
C ∼= C(Ω) containing a. For t ∈ R let et(a) ∈ C be the characteristic
function of the clopen set

{ω ∈ Ω : a(ω) > t},
the closure of {a > t}; equivalently, et(a) is the support projection of
(a− t)+. Then et(a) commutes with a, and

(1) aet(a) ≥ tet(a), a(1− et(a)) ≤ t(1− et(a)).

Let µa be the probability measure on [0, 1] with τ(f(a)) =
∫︁
f dµa for

f ∈ C([0, 1]). The functions min{1, n(s− t)+} increase to the indicator
function of (t,∞), and their values at a increase to et(a) in C. Fact 2.3
and monotone convergence therefore give

Fa(t) := τ(et(a)) = µa((t, 1]).

In particular, Fa is right-continuous.

We use the following facts from [1].

Lemma 2.5. [1, Lemma 4.1] Let 0 ≤ a ≤ b ≤ 1 in M . Then

τ(f(a)) ≤ τ(f(b))

for every nondecreasing f ∈ C([0, 1]).

Fact 2.6. Let U be a nonprincipal ultrafilter on N. The quasitracial
ultrapower MU is a finite AW∗-factor [1, Corollary 4.13], and it is
countably saturated. For self-adjoint x, y the relation x ≤ y is expressed
by the closed condition τ((x− y)+) = 0 (see [1, Lemma 4.10]).

Proposition 2.7. Suppose M contains positive contractions 0 ≤ a ≤
b ≤ 1 with

τ(a) = τ(b), τ(b− a) = η > 0.

Then a quasitracial ultrapower of M contains an increasing sequence
(cn) of positive contractions such that for all m > n

τ(cm − cn) ≥ η.
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This sequence has no supremum.

Proof. We first show that a and b have the same scalar spectral distri-
bution. Fix t ∈ [0, 1] and put

ft(s) = (s− t)+, gt(s) = min{s, t} (0 ≤ s ≤ 1).

Both functions are continuous and nondecreasing, so Lemma 2.5 gives

τ(ft(a)) ≤ τ(ft(b)), τ(gt(a)) ≤ τ(gt(b)).

Since ft + gt is the identity function on [0, 1] and τ(a) = τ(b), both
inequalities are equalities. The functions 1, s, and (s − t)+ span the
continuous piecewise linear functions, which are uniformly dense in
C([0, 1]). Hence

τ(f(a)) = τ(f(b))

for every f ∈ C([0, 1]), so µa = µb and Fa = Fb. Thus corresponding
spectral projections of a and b have equal quasitraces.

Take spectral partitions of [0, 1] with mesh 1/n. Corresponding spectral
projections have the same quasitrace and hence are Murray–von Neu-
mann equivalent in the finite factor. Summing implementing partial
isometries gives a unitary wn ∈ M such that

∥wnaw
∗
n − b∥ ≤ 2

n
.

Let P = MU be a quasitracial ultrapower over a nonprincipal ultrafilter
on N. Then

w = [wn] ∈ P

is unitary and
waw∗ = b.

Set
cn = wnaw−n.

Since a ≤ b = waw∗,
cn ≤ cn+1

for all n. Moreover each consecutive difference is unitarily conjugate
to b− a, so

τ(cn+1 − cn) = η.

For m > n we have cm − cn ≥ cn+1 − cn, hence

τ(cm − cn) ≥ η.

This is a monotone half-graph of gap η in the terminology of [1, Defini-
tion 6.3]. The following argument is the special case of [1, Lemma 6.5]
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needed here; we include it for completeness. Suppose that s were the
supremum of (cn). Then s− cn ≥ cn+1 − cn, so

τ(s− cn) ≥ η (n ≥ 0).

Therefore the countable type

cn ≤ z ≤ s (n ≥ 0), τ(s− z) ≥ η

is finitely satisfiable, by z = cn for n large. Countable saturation gives
an upper bound z < s, contradicting the leastness of s. □

Fact 2.8. If every dτ -separable type II1 AW∗-factor is monotone se-
quentially complete, then every finite AW∗-algebra is monotone com-
plete [1, Corollary 5.3, Theorem 6.10].

Corollary 2.9. A tuple (y1, y2, y3) as in Lemma 2.4 gives a type II1
AW∗-factor which is not monotone sequentially complete. There is also
a dτ -separable such factor.

Proof. Apply Proposition 2.7 with η = 1/2. The resulting quasitracial
ultrapower is a finite AW∗-factor by Fact 2.6, and the increasing se-
quence has no supremum. It cannot be type In, since those factors are
finite dimensional, so it is of type II1.

In particular this ultrapower is not monotone complete, so Fact 2.8
gives a dτ -separable type II1 AW∗-factor which is not monotone se-
quentially complete. □

3. Bundle-map input

In this section, we provide the bundle-theoretic machinery for con-
structing the configuration in Theorem A. The configuration there is
reminiscent of proper infiniteness, but we need it to occur in a finite
algebra. We model this behaviour using maps between complex vector
bundles.

We begin by showing that generic bundle maps expand fiber subspaces.
This uses a modification of the incidence lemma (Lemma 3.1) from the
earlier quasitrace construction manuscipt. Our proof replaces the inci-
dence variety and the direct covering estimate of the quasitrace man-
uscript with two standard tools, the stratification of matrices by rank
and the parametric transversality theorem. The underlying dimension
count is the same.
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Lemma 3.1. Let E and F be complex vector bundles of ranks d and
r over a compact smooth manifold X with dimRX ≤ 2h. Fix integers
q ≥ 1, 1 ≤ s ≤ d, and 0 ≤ t < r. If

(qs− t)(r − t)− s(d− s) > h,

then a generic q-tuple of smooth bundle maps

T1, . . . , Tq : E −→ F

has the following property: for every x ∈ X and every s-dimensional
subspace S ⊆ Ex,

dim

q∑︂
i=1

Ti(x)S > t.

The conclusion holds simultaneously for any finite set of pairs (s, t)
satisfying the displayed inequality. Here generic means that the q-tuples
with this property form an open dense subset of the space of smooth q-
tuples, with the C∞ topology.

Proof. Fix Hermitian metrics on E and F . The hypothesis and r−t > 0
give qs− t > 0.

For 0 ≤ k ≤ min{n1, n2}, the complex n1×n2 matrices of rank exactly
k form a smooth submanifold of complex codimension (n1−k)(n2−k),
invariant under left and right multiplication by invertible matrices.
Indeed, near a matrix of rank k we may assume, after permuting rows
and columns, that

A =

(︃
A11 A12

A21 A22

)︃
with A11 invertible of size k. Then A has rank k exactly when

A22 − A21A
−1
11 A12 = 0,

and the left-hand side is a submersion.

Fix one pair (s, t). Let π : G → X be the Grassmann bundle of s-
dimensional subspaces of the fibers of E, let S ⊆ π∗E be its tautological
subbundle, and put

V = Hom(S ⊗ Cq, π∗F ).

Then G is a compact smooth manifold with

dimR G ≤ 2
(︁
h+ s(d− s)

)︁
.

For 0 ≤ k ≤ t let Vk ⊆ V consist of the fiber maps of rank exactly k. By
the invariance above, Vk is a smooth submanifold of real codimension
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2(qs− k)(r − k), and

(2) 2(qs− k)(r − k) ≥ 2(qs− t)(r − t) > 2
(︁
h+ s(d− s)

)︁
≥ dimR G.

A q-tuple T = (T1, . . . , Tq) determines a section σT of V by

σT (x, S)
(︂ q∑︂

i=1

ξi ⊗ ei

)︂
=

q∑︂
i=1

Ti(x)ξi (ξi ∈ S).

Its range is
∑︁

i Ti(x)S, so T has the required property for (s, t) exactly
when σT misses V0 ∪ · · · ∪ Vt.

The property is open. If σT misses V0 ∪ · · · ∪ Vt, compactness gives
ε > 0 bounding the (t + 1)-st singular value of σT from below on G.
Singular values are 1-Lipschitz in the operator norm, and

∥σT ′(g)− σT (g)∥ ≤
q∑︂

i=1

sup
x∈X

∥T ′
i (x)− Ti(x)∥ (g ∈ G),

so every T ′ for which the right-hand side is less than ε also has the
property.

For density, choose smooth bundle maps φ1, . . . , φJ : E → F spanning
Hom(Ex, Fx) at every x ∈ X. For a smooth q-tuple T and θ ∈ CqJ put

T θ
i = Ti +

J∑︂
l=1

θilφl, Φ(θ, g) = σT θ(g).

For fixed g = (x, S), the map θ ↦→ Φ(θ, g) is affine onto the fiber
Vg, since restriction Hom(Ex, Fx) → Hom(S, Fx) is surjective. As Φ
covers the identity of G, it is a submersion CqJ × G → V , and hence
transverse to every Vk. By the parametric transversality theorem [8,
Chapter 2, §3], σT θ is transverse to every Vk for almost every θ. By (2),
transversality means that σT θ misses Vk.

For a finite set of pairs (s, t), the exceptional parameters form a finite
union of null sets. Hence T θ has the property for all the pairs for θ
arbitrarily close to 0, and T θ → T in the C∞ topology as θ → 0. □

We use it only for finitely many pairs (s, t) at each finite test. The
second input is a slight extension of the normalization lemma from
the quasitrace manuscript. It differs from their Lemma 3.2 in two
respects. The expansion factor λ and the normalization constant β
may be any reals with λ > β > 1, which we need since both tend to
2 as N grows. More importantly, the normalized maps respect a fixed
orthogonal splitting of the target whenever the original maps do. In
the quasitrace manuscript, the scaling may mix summands, whereas
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here the fresh shifts must keep their range in a prescribed subbundle,
since this is how their quasitraces are controlled in Lemma 5.3.

Lemma 3.2. Let E,F be complex vector bundles over a compact space
and let

T1, . . . , Tq : E −→ F

be continuous bundle maps. Suppose that for every fiber subspace S ⊆
Ex,

dim
∑︂
i

Ti(x)S ≥ λ dimS

for some λ > β > 1. Then there are continuous maps

X1, . . . , Xq : E −→ F

such that ∑︂
i

X∗
i Xi = 1E,

∑︂
i

XiX
∗
i ≤ β−11F .

If the ranges of the Ti are contained in one of two fixed orthogonal
subbundles of F , the corresponding Xi may be chosen with the same
range restriction.

Proof. Fix a fiber and, for a positive definite P ∈ End(Ex), put

Dx(P ) =
∑︂
i

Ti(x)PTi(x)
∗,

and
gx(P ) = log(det(1 +Dx(P )))− β log(detP ).

We first record uniform coercivity. Put

rs = ⌈λs⌉, r0 = 0.

Compactness of the rank-s Grassmann bundle and the expansion hy-
pothesis give ε > 0, independent of x and s, such that the rs-th eigen-
value of Dx(p) is at least ε for every rank-s projection p.

If t1 ≥ · · · ≥ td > 0 are the eigenvalues of P , the min–max principle
gives

log(det(1 +Dx(P ))) ≥
d∑︂

s=1

(rs − rs−1) log(1 + εts).

Since rs − λs ≥ 0, summation by parts against the decreasing nonneg-
ative sequence log(1 + εts) yields

log(det(1 +Dx(P ))) ≥ λ
d∑︂

s=1

log(1 + εts).
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The scalar function

λ log(1 + εt)− β log(t)

tends to +∞ as t → 0 or t → ∞. Hence the sublevel sets of gx are
uniformly compact.

Along a geodesic

P (u) = P
1/2
0 euHP

1/2
0

in the positive cone, det(1+Dx(P (u))) is a positive sum of exponentials
in u. It contains the constant term 1, and if H ̸= 0 it contains a
nonconstant exponential with positive coefficient because the common
kernel of the Ti(x) is zero. Thus the first term of gx(P (u)) is strictly
convex, while log detP (u) is affine. There is a unique minimizer Px, and
uniform coercivity plus uniqueness shows that x ↦→ Px is continuous.

Put
Qx = 1 +Dx(Px).

Differentiating at the minimum gives∑︂
i

Ti(x)
∗Q−1

x Ti(x) = βP−1
x .

Define
Xi = β−1/2Q−1/2TiP

1/2.

Then ∑︂
i

X∗
i Xi = 1E

and ∑︂
i

XiX
∗
i = β−1Q−1/2D(P )Q−1/2 = β−1(1−Q−1) ≤ β−11F .

If the ranges split between two fixed orthogonal subbundles, then D(P )
and Q are block diagonal for that decomposition, so Q−1/2 preserves
the two summands. □

We now show that blockwise expansion gives global expansion. The
difficulty is that an arbitrary subspace S need not decompose as the
direct sum of its intersections with the blocks. The proof works by fil-
tering S through successive partial sums and measuring the dimensions
contributed in the next block via a projected subspace.
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Lemma 3.3. Let V =
⨁︁n

k=0 Vk and W =
⨁︁n

k=0Wk be orthogonal di-
rect sums of finite-dimensional Hilbert spaces, and let T1, . . . , Tq : V →
W be block diagonal with blocks T

(k)
l : Vk → Wk. Suppose that

dim

q∑︂
l=1

T
(k)
l G ≥ λ dimG

for every k and every subspace G ⊆ Vk with dimG ≤ κ. Then

dim

q∑︂
l=1

TlS ≥ λ dimS

for every subspace S ⊆ V with dimS ≤ κ.

Proof. Let πk and ϖk be the orthogonal projections onto Vk and Wk.
Put

Sk = S ∩ (V0 ⊕ · · · ⊕ Vk), Gk = πk(Sk), Ik =
∑︂
l

TlSk,

and S−1 = I−1 = 0. The restriction of πk to Sk has kernel Sk−1, so

dimS =
n∑︂

k=0

dimGk.

Since the Tl are block diagonal, Ik−1 ⊆ kerϖk and ϖk(Ik) =
∑︁

l T
(k)
l Gk.

Hence

dim Ik ≥ dim Ik−1 + dim
∑︂
l

T
(k)
l Gk ≥ dim Ik−1 + λ dimGk,

because dimGk ≤ dimS ≤ κ. Summing over k gives the claim. □

4. The finite bundle tests

In this section, we combine the geometric machinery of the last with a
topological obstruction. We need to balance two competing properties:
that there are enough maps to produce strong compression inequalities,
but not enough topological freedom to produce isometries that would
witness proper infiniteness.

Fix an integer N ≥ 4 and set

ρ = 1− 1

N
, λ = 2− 2

N
, β = 2− 3

N
, γN = β−1.

Thus
λ > β > 1, γN −→ 1

2
.



14 JANANAN ARULSEELAN AND JAMES E. HANSON

For integers m,R ≥ 1 put

s0 = Nm, d0 = 16N2mNR+1, dj = 4jd0.

For 0 ≤ j ≤ R define
a0,j = ρjd0,

and, for 1 ≤ i ≤ j ≤ R,

ai,j = (4− ρ)di−1ρ
j−i.

The choice of d0 makes all ai,j positive integers. The recurrence

j∑︂
i=0

ai,j = dj

follows by induction. For j < R, every ai,j is divisible by N and

ai,j ≥ 16Ns0.

For 1 ≤ i ≤ R set

Ki = m
R∑︂
j=i

ai,j

and let

Y =
R∏︂
i=1

CPKi .

Write Li for the pullback of the hyperplane line bundle from the i-th
factor and put L0 = 1. Define

Ej =

j⨁︂
i=0

L
⊕ai,j
i .

Then rankEj = dj. For j < R there is a canonical decomposition

Ej+1 = Oj+1 ⊕ Fj+1,

where

Oj+1 =

j⨁︂
i=0

L
⊕ρai,j
i , Fj+1 = L

⊕(4−ρ)dj
j+1 .

We refer to these as the old and fresh summands respectively. Each
kind of summand does a different job. The old maps will survive the
quasitracial ultraproduct. The fresh maps enforce expansion at each
finite stage but will disappear in that ultraproduct.
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Proposition 4.1. For every j < R there are eleven continuous bundle
maps

X
(j)
1 , . . . , X

(j)
11 : Ej −→ Ej+1

such that
11∑︂
k=1

(X
(j)
k )∗X

(j)
k = 1Ej

,
11∑︂
k=1

X
(j)
k (X

(j)
k )∗ ≤ γN1Ej+1

,

the first three maps have range in Oj+1, and the remaining eight have
range in Fj+1.

Proof. We first construct three maps into the old summand. Fix a
multiplicity block L⊕D

i in Ej, so the corresponding old block has rank
ρD. Choose three generic scalar maps

CD −→ CρD.

For 1 ≤ s ≤ s0 put t = ⌊λs⌋. Since t ≤ λs and ρ = 1 − 1/N ,
the incidence expression of Lemma 3.1, with base a point, is bounded
below by

(3s− t)(ρD− t)− s(D− s) ≥
(︁
(3−λ)ρ−1

)︁
sD− 5

4
s2 ≥ sD

2N
− 5

4
s2 > 0.

Here we used

(3− λ)ρ− 1 =
1

N
− 2

N2
≥ 1

2N
, (3− λ)λ− 1 = 1 +

2

N
− 4

N2
≤ 5

4
,

and the last inequality uses D ≥ 16Ns0 and s ≤ s0. Thus the three
maps may be chosen so that the collective image of every s-dimensional
subspace, s ≤ s0, has dimension greater than ⌊λs⌋, hence at least λs.
Tensor with Li and take block sums over i. On each fiber, Lemma 3.3,
applied to the line-bundle blocks, shows that these three old maps
expand every fiber subspace of dimension at most s0 by a factor at
least λ.

We next construct eight maps into the fresh summand. It is enough to
work over

Yj+1 =

j+1∏︂
i=1

CPKi ,

since both Ej and Fj+1 are pulled back from this factor. Its complex
dimension satisfies

hj+1 =

j+1∑︂
i=1

Ki ≤ Nm

j+1∑︂
i=1

(4− ρ)di−1 <
4(4− ρ)

3
Nmdj < 5Nmdj.
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Fix s > s0, set t = ⌊λs⌋ ≤ 2s, d = dj, and

r = (4− ρ)d ≥ 3d.

For eight maps the incidence expression satisfies

(8s− t)(r − t)− s(d− s) ≥ 6s(3d− 2s)− s(d− s)

= 17sd− 11s2

≥ 6sd

> hj+1.

Since s ≤ d, the third inequality is immediate, and the last uses s >
s0 = Nm. Lemma 3.1, applied simultaneously to the finitely many
values s0 < s ≤ d, gives eight fresh maps which expand every subspace
of dimension greater than s0 by a factor at least λ.

Together the three old and eight fresh maps expand every fiber subspace
by a factor at least λ. Lemma 3.2 gives the required normalized maps,
and its final assertion preserves the old/fresh range division. □

We now record the obstruction which will prevent stable proper in-
finiteness.

Lemma 4.2. Put

G =
(︂ R⨁︂

j=0

Ej

)︂⊕m

.

Then G has no trivial subbundle of rank (N + 1)md0.

Proof. Let

h0 = m

R∑︂
j=0

a0,j.

Since
∑︁R

j=0 ρ
j < N , we have

h0 < Nmd0.

By the definition of the Ki,

G ∼= Ch0 ⊕
R⨁︂
i=1

L⊕Ki
i .

Put

p =
R∑︂
i=1

Ki.
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Then

cp(G) =
R∏︂
i=1

c1(Li)
Ki .

This is the nonzero top product in

H2p
(︂ R∏︂
i=1

CPKi ;Z
)︂
.

If G contained a trivial subbundle of rank k > h0, its orthogonal com-
plement would have rank

h0 + p− k < p.

The degree-p Chern class of G would then vanish, a contradiction.
Since

(N + 1)md0 > h0,

the stated trivial subbundle cannot exist. □

5. The finitely generated test algebras

We now turn our finite bundle tests into actual C∗-algebras. The test
bundles are assembled into Hilbert bundles carrying thirteen forward
shifts. Two shifts operate on a tail where bundles double, three op-
erate in the old portions of the finite stages, and eight operate in the
fresh portions. The resulting algebra BN is generated by these shifts to-
gether with finitely many additional operators controlling the old/fresh
decomposition.

Continue to fix N ≥ 4. For each pair (m,R) and its bundle system
above, extend the sequence beyond level R by

Ej+1 = Ej ⊕ Ej (j ≥ R).

Let
Hm,R =

⨁︂
j≥0

Ej

be the resulting Hilbert bundle over Y . We work with bounded con-
tinuous adjointable bundle maps on these Hilbert bundles, and finally
take the product over all (m,R).

Define thirteen forward shifts. The first two vanish on levels j < R
and, for j ≥ R, are 2−1/2 times the two canonical inclusions

Ej −→ Ej ⊕ Ej = Ej+1.
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The remaining eleven act on Ej, for j < R, by the maps from Propo-
sition 4.1, and vanish on the tail. Denote the resulting global shifts
by

s1, . . . , s13.

They satisfy
13∑︂
k=1

s∗ksk = 1,
13∑︂
k=1

sks
∗
k ≤ γN1.

Let h be the projection onto the levels 0, . . . , R−1 in each test and put
q = 1− h. For j < R, every multiplicity ai,j is divisible by N . Divide
the copies in every line-bundle multiplicity into N equal groups. This
gives block-diagonal matrix units

(ers)
N
r,s=1,

N∑︂
r=1

err = h.

Put

p =
N−1∑︂
r=1

err.

The selected ρ-fraction of the copies at level j is bundle-isomorphic
to Oj+1. Consequently there is a continuous propagation-one partial
isometry v with

v∗v = p, vv∗ = O :=
R−1⨁︂
j=0

1Oj+1
.

Let BN be the unital C∗-subalgebra of the product over all tests (m,R)
generated by

s1, . . . , s13, h, (ers)
N
r,s=1, v.

This is a finitely generated unital C∗-algebra. Every displayed genera-
tor and its adjoint has propagation at most one.

We can now show that each BN has no properly infinite matrix am-
plification. The proof works by approximating any witness to proper
infiniteness by noncommutative polynomials and using these to build
a map forbidden by Lemma 4.2.

Lemma 5.1. No matrix algebra over BN is properly infinite.

Proof. Suppose that Mm(BN) is properly infinite for some m. Iterating
the two-isometry characterization of proper infiniteness gives N + 1
isometries with mutually orthogonal ranges. Regard them as a row

W ∈ Mm,(N+1)m(BN), W ∗W = 1.
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Approximate W sufficiently closely by a row P whose entries are non-
commutative polynomials in the displayed generators and their ad-
joints. We may arrange

P ∗P ≥ 1

2
1.

Let R bound the word lengths of these polynomials, increasing it to at
least one.

Evaluate P at the test indexed by this same pair (m,R). Since every
generator has propagation at most one, the restriction of P to level
zero has range in the first R+ 1 levels. Thus it is a continuous bundle
map

E
⊕(N+1)m
0 −→

(︂ R⨁︂
j=0

Ej

)︂⊕m

.

The inequality P ∗P ≥ 1
2
1 makes this map fiberwise injective with con-

tinuous image subbundle. Its source is trivial of rank

(N + 1)md0,

contradicting Lemma 4.2. □

Fact 5.2. A unital C∗-algebra admits a normalized 2-quasitrace if and
only if it is not stably properly infinite [7, 11, 4, 5]; see [13, Theo-
rem 2.3].

Hence BN admits normalized 2-quasitraces. We now show that such a
quasitrace makes the fresh region small.

Lemma 5.3. Let τ be any normalized 2-quasitrace on BN . Then

τ(q) = 0, τ(h) = 1, τ(p) = τ(O) = ρ, τ(1−O) =
1

N
.

If f1, . . . , f8 denote the eight fresh shifts among s3, . . . , s13, then

τ(f ∗
j fj) ≤

γN
N

(j = 1, . . . , 8).

Proof. The first two tail shifts, multiplied by
√
2, are partial isometries

with initial projection q and mutually orthogonal range projections be-
low q. Quasitracial invariance under Murray–von Neumann equivalence
and additivity on orthogonal projections give

2τ(q) ≤ τ(q),

so τ(q) = 0 and τ(h) = 1.
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The matrix units show that

τ(e11) = · · · = τ(eNN) =
1

N
,

whence
τ(p) =

N − 1

N
= ρ.

Since v∗v = p and vv∗ = O,

τ(O) = ρ,

and therefore τ(1−O) = 1/N .

Every fresh shift has range in 1−O, while the row estimate gives

fjf
∗
j ≤ γN(1−O).

Hence
τ(f ∗

j fj) = τ(fjf
∗
j ) ≤ γNτ(1−O) =

γN
N

. □

Fact 5.4. Let τ be an extremal normalized 2-quasitrace on a unital
C∗-algebra B. Dividing out the null ideal of τ and taking Haagerup’s
quasitracial AW∗-completion gives a finite AW∗-factor whose canonical
quasitrace extends τ [10, Proposition 4.6]; see also [13, Section 2].

Choose an extremal point τN of the compact convex set of normalized
2-quasitraces on BN , and let MN be the finite AW∗-factor given by
Fact 5.4. Extremality passes to the null quotient, since any convex
decomposition there pulls back to one on BN . All of the displayed
algebraic relations and the quasitrace identities of Lemma 5.3 pass to
MN .

The two tail shifts vanish in MN , because their initial projection q
belongs to the null ideal. Let

z1,N , z2,N , z3,N

be the three old shifts and let

f1,N , . . . , f8,N

be the eight fresh shifts. Then
3∑︂

i=1

z∗i,Nzi,N +
8∑︂

j=1

f ∗
j,Nfj,N = 1,

and
3∑︂

i=1

zi,Nz
∗
i,N ≤ γN1.
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Moreover,
τN(f

∗
j,Nfj,N) ≤

γN
N

.

We can now show failure of Kaplansky’s quasitrace conjecture, which
was previously claimed in the quasitrace manuscript.

Proposition 5.5. The quasitrace τN on BN is not a trace, and MN is
a type II1 AW∗-factor which is not a von Neumann algebra.

Proof. If τN were additive on BN , then

1 =
13∑︂
k=1

τN(s
∗
ksk) =

13∑︂
k=1

τN(sks
∗
k) = τN

(︂ 13∑︂
k=1

sks
∗
k

)︂
≤ γN < 1.

The same computation applies to the canonical quasitrace of MN . The
normalized quasitrace of a matrix algebra is its trace, so MN is of type
II1. An AW∗-factor of type II1 is a von Neumann algebra if and only if
its quasitrace is a trace [13, Section 2], so MN is not a von Neumann
algebra. □

Remark 5.6. In the notation of [13, Remark 4.7], Lemma 5.1 gives
µ(BN) = ∞. The 134 products sK = sk1sk2sk3sk4 of the shifts satisfy∑︂

K

s∗KsK = 1,
∑︂
K

sKs
∗
K ≤ γ4

N1 ≤ 1

2
1,

since γN ≤ 4/5. Hence ν(BN) ≤ 134 for every N ≥ 4.

6. Passing to the configuration

Let N run through the integers at least 4, and fix a nonprincipal ul-
trafilter V on this set. Form the quasitracial ultraproduct

M =
∏︂
N→V

(MN , τN).

By [1, Corollary 4.13], M is a finite AW∗-factor.

Theorem A. The factor M contains elements y1, y2, y3 satisfying
3∑︂

i=1

y∗i yi = 1,
3∑︂

i=1

yiy
∗
i ≤ 1

2
1.

Proof. For each fixed j ≤ 8,

dτ (fj,N , 0)
3 = τN(f

∗
j,Nfj,N) ≤

γN
N

−→ 0.
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Hence the fresh shifts represent zero in the quasitracial ultraproduct.
Put

yi = [zi,N ] (i = 1, 2, 3).

The exact column relation in each MN therefore gives
3∑︂

i=1

y∗i yi = 1.

For the row relation,

γN1−
3∑︂

i=1

zi,Nz
∗
i,N ≥ 0.

Since γN → 1/2, passage to the ultraproduct gives

1

2
1−

3∑︂
i=1

yiy
∗
i ≥ 0. □

Theorem B. There is a type II1 AW∗-factor which is not monotone
sequentially complete. Moreover, there is such a factor which is dτ -
separable.

Proof. Apply Corollary 2.9 to the tuple of Theorem A. □

The constants are not optimized. The role of the parameter N is to
make the old fraction ρ tend to one, the normalization constant γN
tend to 1/2, and the complementary fresh range have quasitrace 1/N .
The fixed number eight of fresh maps is then essential: their total
contribution vanishes in the ultraproduct.

7. Further Consequences

We now list some further consequences.

Corollary 7.1. There is a unital stably finite C∗-algebra generated
by three elements and admitting no tracial state. Moreover, for the
universal unital C∗-algebra

D3 = C∗

⟨︄
x1, x2, x3

⃓⃓⃓⃓
⃓

3∑︂
i=1

x∗
ixi = 1,

3∑︂
i=1

xix
∗
i ≤ 1

2
1

⟩︄
,

no matrix amplification of D3 is properly infinite. The number three is
minimal among stably finite unital C∗-algebras admitting this configu-
ration.
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Proof. Let M and y1, y2, y3 be as in Theorem A, and set D =
C∗(1, y1, y2, y3) ⊆ M . Each matrix amplification of the finite AW∗-
factor M is finite, and hence so is each matrix amplification of D; thus
D is stably finite. If D had a tracial state φ, the relations would give

1 =
3∑︂

i=1

φ(y∗i yi) =
3∑︂

i=1

φ(yiy
∗
i ) ≤ 1

2
,

a contradiction. The universal property yields a unital surjection D3 →
D. Proper infiniteness of any matrix amplification would pass to this
quotient, which proves the second assertion.

For minimality, suppose x1, x2 satisfy the same relations with only two
terms. The row bound implies x∗

ixi ≤ 1
2
1, whereas x∗

1x1 + x∗
2x2 = 1;

hence x∗
1x1 = x∗

2x2 = 1
2
1. The elements

√
2xi are isometries, and

the row inequality implies their range projections are orthogonal. The
algebra is therefore properly infinite and cannot be stably finite. □

Corollary 7.2. There is a type II1 AW∗-factor P such that

P is not a W∗-algebra, every masa of P is a W∗-algebra.

Moreover, P can be chosen dτ -separable, in which case every masa of
P has separable predual. Such a factor has no faithful state. Conse-
quently the finite case of Gow’s intrinsic W∗-Pedersen conjecture [9,
Conjecture 3.15] has a negative answer.

Proof. Choose the dτ -separable factor P from Theorem B. It is not
monotone sequentially complete, so it is not a W∗-algebra. Every masa
C ⊆ P is a W∗-algebra by the finite-factor masa theorem [9, Proposi-
tion 2.32] (equivalently, by the completeness of its unit ball for the met-
ric induced by the faithful restriction of τ). Because P is dτ -separable,
so is the unit ball of C. On C, the metric dτ (x, y) = ∥x − y∥2/32,τ is a
power of the usual L2-metric. Thus L2(C, τ) is separable; by the density
of bounded functions in L1(C, τ), the predual C∗ ∼= L1(C, τ) is separa-
ble. Finally, a finite AW∗-factor with a faithful state is a W∗-factor by
Wright’s theorem [15]. Hence P has no faithful state. □

Corollary 7.3. There is a finite real AW∗-algebra R which is not
monotone sequentially complete and admits no center-valued trace. For
this R, there is neither a strictly positive real-linear center-module map
R → Z(R) nor a faithful norm-one real-linear projection R → Z(R).

Proof. Regard the non-W∗type II1 factor P of Corollary 7.2 as a real
C∗-algebra R. The real and complex algebras have the same projections
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and self-adjoint order, so R is a finite real AW∗-algebra and inherits the
increasing sequence without a supremum. Its real center is Z(R) = C1.
A center-valued trace T : R → Z(R) would be Z(R)-linear and hence
complex-linear, so it would yield a faithful complex trace on P , contra-
dicting its nontracial canonical quasitrace. The remaining nonexistence
assertions follow from the equivalences in [1, Theorem 7.34]. □
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