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Model-theoretic types

Given a tuple ā in a structure M and a set of parameters B ⊆ M, the
type of ā over B, written tp(ā/B), is the set of formulas φ(x̄ , b̄) with
b̄ ∈ B such that M |= φ(x̄ , b̄).

We write ā ≡B ā′ to mean that tp(ā/B) = tp(ā′/B).

In ‘good’ M and for small B, it will be the case that ā ≡B ā′ if and
only if there is an automorphism σ of M fixing B pointwise such that
σ · ā = ā′.
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The monster model

General setting: We will have a fixed good ‘monster model’ U and a
countable elementary substructure M ⪯ U. Examples:

(Algebraically closed fields) U is C and M is the field of algebraic
numbers.
(Dense linear order) U is the set of surreal numbers with birthday < κ.
M is the set of rational surreal numbers.
(Random graph) U is Vκ with the edge relation x R y iff x ∈ y or
y ∈ x . M is Vω.

κ is some big enough cardinal.

We write Aut(U/B) for the group of automorphisms of U that fix B
pointwise. Aut(U) = Aut(U/∅).

Again: ā ≡B ā′ iff there is a σ ∈ Aut(U/B) such that σ · ā = ā′.
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Invariant types

The compact Hausdorff space of types in the variables x̄ over B is
written Sx̄(B).

A global type is a type over the monster model U.

There is a natural action of Aut(U) on Sx̄(B):
σ · p(x̄) = {φ(x̄ , σ · c̄) : φ(x̄ , c̄) ∈ p(x̄)}.
A global type p(x̄) is B-invariant if σ · p(x̄) = p(x̄) for every
σ ∈ Aut(U/B).

Equivalent to saying that for any c̄ ≡B c̄ ′, φ(x̄ , c̄) ∈ p(x̄) iff
φ(x̄ , c̄ ′) ∈ p(x̄).
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Examples: Definable types

A type p(x̄) ∈ Sx̄(U) is B-definable if for each B-formula φ(x̄ , ȳ),
there is an B-formula ψ(ȳ) such that for all c̄ ∈ U, φ(x̄ , c̄) ∈ p(x̄) if
and only if U |= ψ(c̄).

Examples:

(Dense linear order) p(x) = {c < x : c ∈ U}. ‘I am greater than
everything.’
(Random graph) p(x) = {¬x R c : c ∈ U}. ‘I have no edges with
anything.’

Originated in Gaifman’s work on models of PA.

For any small model M ⪯ U and type q(x̄) ∈ Sx̄(M), there is at most
one M-definable p(x̄) ⊇ q(x̄).

Important in stability theory. A theory is stable if and only if every
type over a model has a definable global extension.
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Examples: Coheirs

A type p(x̄) ∈ Sx̄(U) is an M-coheir if for every φ(x̄ , c̄) ∈ p(x̄), there
is an ā ∈ M such that M |= φ(ā, c̄).

p(x̄) is finitely satisfiable in M.
Examples:

(Dense linear order)

p(x) = {x < c : c ∈ U, (∀a ∈ M)a < c}
∪ {c < x : c ∈ U, (∃a ∈ M)c < a}

(Random graph) Correspond exactly to ultrafilters on M:

p(x) = {x R c : c ∈ U, {a ∈ M : a R c} ∈ F}
∪ {¬x R c : c ∈ U, {a ∈ M : a R c} /∈ F}

Every type over a model M has an M-coheir. They are generated by
ultrafilters on M, but not always uniquely.

DLO has ≤ 2|M| M-invariant types (cuts) and RG has 22
|M|

M-invariant types (ultrafilters).

A theory is NIP iff it has ≤ 2|M| M-invariant types over every M
(Poizat and Shelah).
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Measurability

Given a B-invariant type p(x̄) and a B-formula φ(x̄ , ȳ), let

Dφ
p = {q(ȳ) ∈ Sȳ (B) : φ(x̄ , c̄) ∈ p(x̄) for some/all c̄ |= q}.

p(x̄) is B-definable iff each Dφ
p ⊆ Sȳ (B) is clopen.

p(x̄) is Borel-definable over B if each Dφ
p is Borel.

In NIP theories, all invariant types are Borel-definable.

Borel-definability is nice for reasons I’m not going to get into now.
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Dφ
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The conundrum

Coheirs are the only invariant types that are guaranteed to exist and a
priori they are not going to be Borel-definable,

yet almost all theories we
think about have many Borel-definable types.
Partial explanation:

Many theories are NIP.

Many simple theories have free amalgamation (in the sense of
Conant), which seems to guarantee the existence of Borel-definable
extensions.

Most theories model theorists think about fall into one of these two
classes.

Far from a complete understanding.
Several open questions:

When does every type over a model extend to a Borel-definable type?

When are Borel-definable types dense?

Does every simple theory admit a non-trivial Borel-definable type?
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Borel propositional theories
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A hopeless broader question I

We can strip away a lot of the model-theoretic background and give a
more general purely descriptive-set-theoretic problem.

Let (Ar )r∈R be a family of atomic propositions. Let F be the set of
propositional formulas built out of the Ar ’s. F has a natural Polish
space structure.

A propositional theory is a set T ⊆ F that is closed under logical
consequences.

Given any first-order structure M and type p(x̄) ∈ Sx̄(M), there are
propositional theories (in the above sense) that correspond to the problem
of finding M-invariant global extensions of p(x̄) and to finding M-coheirs
extending p(x̄).
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A hopeless broader question II

Question: When does a Borel set of axioms have a Borel
completion?

It is easy to show that for any Borel T0 ⊆ F , the smallest
propositional theory T ⊇ T0 is Σ1

1. In particular, any complete theory
with a Borel axiomatization is Borel.

The set of codes of Σ1
1 sets T0 ⊆ F such that T0 has a Borel

completion is Σ1
3. Is it Σ

1
3-complete?
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One nice thing

Proposition

For any consistent Σ1
1 set T0 ⊆ F , there is a consistent Borel theory

T ′ ⊇ T0.

Proof.

Let C ⊆ 2F be the set of consistent sets of formulas. C is Π1
1 on Σ1

1 (i.e.
for any Polish space X and any Σ1

1 set A ⊆ X × F , the set
{x ∈ X : Ax ∈ C} is Π1

1). By the first reflection theorem, we can find a
Borel set T1 ⊇ T0. The closure of T1 under logical consequence is also Σ1

1,
and so we can by induction find an ascending chain T0 ⊆ T1 ⊆ T2 ⊆ . . .
of Borel sets in C . T ′ =

⋃
n<ω Tn is the required set.

This can be applied in the model-theoretic context to ‘partial invariant
types’ (the analog of incomplete propositional theories), but this also
doesn’t seem to be a path to actually building complete Borel-definable
types.
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More incremental progress
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A hopefully easier question

In applications, what often matters is that the sets Dφ
p ⊆ Sȳ (B) are

measurable with regards to some regular Borel probability measure µ on
Sȳ (B). (And often we really only need this for one particular formula φ.)

This is easier to arrange than Borel measurability.
In principle, all we need to do is the following:

Fix a measure µ on Sȳ (B).

Fix a type p(x̄) ∈ Sx̄(B) of which we would like a B-invariant
extension satisfying that Dφ

p is µ-measurable.
Find a sequence of pairs (F+

n ,F
−
n )n<ω of disjoint closed sets such

that
F+
n ⊆ F+

n+1 and F−
n ⊆ F−

n+1 for all n < ω,
limn→∞ µ(F+

n ∪ F−
n ) = 1, and

for each n, there is a B-invariant type q(x̄) ⊇ p(x̄) satisfying that for
any c̄ with tp(c̄/B) ∈ F+

n , φ(x̄ , c̄) ∈ q(x̄) and for any c̄ with
tp(c̄/B) ∈ F−

n , ¬φ(x̄ , c̄) ∈ q(x̄).

Then by compactness, the desired B-invariant global extension will
exist (because the set of B-invariant types in Sx̄(U) is closed).
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Fix a type p(x̄) ∈ Sx̄(B) of which we would like a B-invariant
extension satisfying that Dφ

p is µ-measurable.
Find a sequence of pairs (F+

n ,F
−
n )n<ω of disjoint closed sets such

that
F+
n ⊆ F+

n+1 and F−
n ⊆ F−

n+1 for all n < ω,
limn→∞ µ(F+

n ∪ F−
n ) = 1, and

for each n, there is a B-invariant type q(x̄) ⊇ p(x̄) satisfying that for
any c̄ with tp(c̄/B) ∈ F+

n , φ(x̄ , c̄) ∈ q(x̄) and for any c̄ with
tp(c̄/B) ∈ F−

n , ¬φ(x̄ , c̄) ∈ q(x̄).

Then by compactness, the desired B-invariant global extension will
exist (because the set of B-invariant types in Sx̄(U) is closed).

James Hanson (ISU) Measurability of invariant types September 2, 2025 15 / 23



A hopefully easier question

In applications, what often matters is that the sets Dφ
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Fix a type p(x̄) ∈ Sx̄(B) of which we would like a B-invariant
extension satisfying that Dφ

p is µ-measurable.

Find a sequence of pairs (F+
n ,F

−
n )n<ω of disjoint closed sets such

that
F+
n ⊆ F+

n+1 and F−
n ⊆ F−

n+1 for all n < ω,
limn→∞ µ(F+

n ∪ F−
n ) = 1, and

for each n, there is a B-invariant type q(x̄) ⊇ p(x̄) satisfying that for
any c̄ with tp(c̄/B) ∈ F+

n , φ(x̄ , c̄) ∈ q(x̄) and for any c̄ with
tp(c̄/B) ∈ F−

n , ¬φ(x̄ , c̄) ∈ q(x̄).

Then by compactness, the desired B-invariant global extension will
exist (because the set of B-invariant types in Sx̄(U) is closed).

James Hanson (ISU) Measurability of invariant types September 2, 2025 15 / 23



A hopefully easier question

In applications, what often matters is that the sets Dφ
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A partial answer I

I am able to vaguely imitate this plan, but to temper expectations,
consider the following fact.

Fact

For any Polish topology τ refining the standard topology on 2ω, there is an
ultrafilter F ⊆ 2ω and every open U ∈ τ , U ∩ F has the perfect set
property (i.e. is either countable or has a non-empty perfect subset).

Assuming CH, there are ultrafilters that do not have this property
with regards to the standard topology on 2ω.

I’m able to show something similar about invariant types in first-order
theories, but since it works for ultrafilters this might not say that
much about the conundrum.

On the other hand, the argument seems to use special properties of
the invariant type setting, and might not work for arbitrary Borel sets
of propositional axioms.
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A partial answer II

Proposition

Fix a set of parameters B and a type p(x̄) ∈ Sx̄(B). Assume that p(x̄) has
a global B-invariant extension. Then for any B-formula φ(x̄ , ȳ) and any
Polish topology τ on Sȳ (B) refining the standard topology, p(x̄) has a
global B-invariant extension q(x̄) such that for any open U ∈ τ , U ∩ Dφ

p

has the perfect set property.

The same hold with ‘B-coheir’ in place of ‘B-invariant.’

Can also do this for all formulas at the same time, but messy.
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Why does this work? I

I’m going to broadly sketch the argument in the coheir case, because it’s
simpler.

Both arguments work for essentially the same reason.

Work over a model M (instead of B).

Fix a type p(x̄) ∈ Sx̄(M) and an M-formula φ(x̄ , ȳ). Say that a pair
(F+,F−) of closed subsets of Sȳ (M) is admissible if there is an
M-coheir q(x̄) ⊇ p(x̄) satisfying that

for each c̄ with tp(c̄/M) ∈ F+, φ(x̄ , c̄) ∈ q(x̄) and
for each c̄ with tp(c̄/M) ∈ F−, ¬φ(x̄ , c̄) ∈ q(x̄).
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Why does this work? II

Lemma 1

There is a sequence (An)n<ω of sets of pairs (ψ+(ȳ), ψ−(ȳ)) of
M-formulas such that (F+,F−) is admissible if and only if for every n,
there is a (ψ+, ψ−) ∈ An such that ψ+(ȳ) ∈ r(ȳ) for every r ∈ F+ and
ψ−(ȳ) ∈ r(ȳ) for every r ∈ F−.

An can be defined as follows:

Fix an enumeration (χi (x̄))i<ω of p(x̄).

Let An be the set of pairs of formulas (ψ+(ȳ), ψ−(ȳ)) such that for
some k , there are ā0, . . . , āk−1 ∈ M such that∧

i<n χi (x̄) holds and

for any c̄0, . . . , c̄n−1 satisfying ψ+(ȳ) and d̄0, . . . , d̄n−1 satisfying
ψ−(ȳ), there is a j < k with

∧
i<n φ(āj , c̄i ) ∧

∧
i<n ¬φ(āj , d̄i ).
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i<n χi (x̄) holds and

for any c̄0, . . . , c̄n−1 satisfying ψ+(ȳ) and d̄0, . . . , d̄n−1 satisfying
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A second lemma

Lemma 2

Fix a type p(x̄) ∈ Sx̄(M), an M-formula φ(x̄ , ȳ), and an admissible pair
(F+,F−) of closed subsets of Sȳ (M). For any uncountable closed set
H ⊆ Sȳ (M), there is an admissible pair (G+,G−) of closed subsets of
Sȳ (M) such that G+ ⊇ F+, G− ⊇ F−, and H ∩ (G+ ∪ G−) is
uncountable.

Proof.

(Board.)
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Finishing the proof

With Lemma 2, the argument is now immediate.

Fix an enumeration (Un)n<ω of a basis of the topology τ .

Build an ascending sequence (F+
n ,F

−
n )n<ω of admissible pairs of

closed sets satisfying that for each n, Un ∩ (F+
n ∪ F−

n ) has a perfect
subset iff U is uncountable.

To do this, fix (F+
n ,F

−
n ) and Un+1. If Un+1 is countable, let

(F+
n+1,F

−
n+1) = (F+

n ,F
−
n ). Otherwise, find a τ -perfect subset

H ⊆ Un+1.

By compactness, H is closed in the ordinary topology on Sȳ (M).
Apply Lemma 2 to F+

n , F−
n , and H to get (F+

n+1,F
−
n+1).

Finally, apply compactness to build an M-coheir q(x̄) ⊇ p(x̄)
satisfying that for any c̄ with tp(c̄/M) ∈

⋃
n<ω F+

n , φ(x̄ , c̄) ∈ q(x̄)
and for any c̄ with tp(c̄/M) ∈

⋃
n<ω F−

n , ¬φ(x̄ , c̄) ∈ q(x̄).
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Apply Lemma 2 to F+

n , F−
n , and H to get (F+

n+1,F
−
n+1).

Finally, apply compactness to build an M-coheir q(x̄) ⊇ p(x̄)
satisfying that for any c̄ with tp(c̄/M) ∈

⋃
n<ω F+

n , φ(x̄ , c̄) ∈ q(x̄)
and for any c̄ with tp(c̄/M) ∈

⋃
n<ω F−

n , ¬φ(x̄ , c̄) ∈ q(x̄).

James Hanson (ISU) Measurability of invariant types September 2, 2025 21 / 23



Finishing the proof

With Lemma 2, the argument is now immediate.

Fix an enumeration (Un)n<ω of a basis of the topology τ .

Build an ascending sequence (F+
n ,F

−
n )n<ω of admissible pairs of

closed sets satisfying that for each n, Un ∩ (F+
n ∪ F−

n ) has a perfect
subset iff U is uncountable.

To do this, fix (F+
n ,F

−
n ) and Un+1. If Un+1 is countable, let

(F+
n+1,F

−
n+1) = (F+

n ,F
−
n ). Otherwise, find a τ -perfect subset

H ⊆ Un+1.

By compactness, H is closed in the ordinary topology on Sȳ (M).
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Final thoughts

Lemma 2 actually works with pairs of Fσ sets, not just pairs of closed
sets.

It might be possible in the case of specific theories to analyze the
possible measures of admissible pairs (F+,F−) relative to a given
fixed measure µ.

Getting a general characterization seems unlikely to me thought,
except maybe in the context of model-theoretically tame theories
(simple, NTP2, etc.).
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Thank you
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